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ABSTRACT 

V 

A  system  of  approximate  surface  wave  equations  employed  in  an  earlier 
treatment  of  the  reflection  of  straight-crested  surface  waves  by  arrays  of 
reflecting  strips  is  extended  to  the  case  of  variable-crested  surface  waves. 
Although  the  basic  straight-crested  surface  wave  velocities  are  determined 
as  in  the  previous  treatment,  in  the  present  case  a  reduction  in  straight- 
crested  surface  wave  velocity  in  the  unplated  region  due  to  the  adjacent 
plated  regions,  which  is  essential  for  the  existence  of  the  guided  transverse 
modes,  is  determined  by  means  of  a  perturbation  procedure.  The  attendant 
depth  dependence  for  each  region  is  employed  in  the  variational  principle  as 
in  the  earlier  treatment,  but  now  the  variable  cresting  relation  for  the 
isotropic  substrate  is  incorporated  in  the  description.  The  resulting  equa¬ 
tions  are  applied  in  the  determination  of  both  the  transverse  modes  in  each 
region  and  the  transmission  line  representation  of  each  mode.  The  transverse 
wavenumbers  in  a  qiven  mode  are  taken  to  be  the  same  in  the  plated  and  un¬ 
plated  regions  in  order  that  the  interior  edge  conditions  be  satisfied 
pointwise.  The  system  of  parallel  transmission  lines  is  applied  in  the 
analysis  of  the  reflection  of  variable-crested  surface  waves  by  uniformly 
spaced  arrays.  The  response  to  a  rectangular  input  of  a  particular  reflect¬ 
ing  array  consisting  of  aluminum  reflecting  strips  on  ST-cut  quart*  is 
calculated  and  compared  with  measurements. 
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1.  Introduct ion 


The  reflection  of  surface  waves  in  high  0  acoustic  surface  wave  reson¬ 
ators  is  achieved  by  employing  periodic  arrays  of  reflecting  strips  (or 
grooves)  which  reflect  almost  all  of  the  energy  in  an  incident  surface  wave 
as  a  surface  wave,  i.e,,  without  much  scattering  into  bulk  waves,  when  the 

wavelength  matches  the  spacing.  Considerable  work  has  been  done*  in  the 
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description  of  such  device  structures.  In  all  of  those  treatments  model 
parameters  are  measured  which  are  never  related  to  the  fundamental  material 
constants.  In  an  earlier  work7,  a  system  of  approximate  one-dimensional  sur¬ 
face  wave  equations  and  edge  conditions  in  a  single  scalar  variable  was  de¬ 
rived  from  the  variational  principle  of  linear  piezoelectricity  and  applied 
in  the  analysis  of  the  reflection  of  surface  waves  by  arrays  of  reflecting 
strips.  These  approximate  equations  are  expressed  in  terms  of  the  known 
fundamental  material  constants  and  no  measurement  of  model  parameters  is  re¬ 
quired.  However,  it  should  be  noted  that  scattering  into  bulk  waves  has  been 
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ignored  in  all  of  the  above-mentioned  treatments  .  This  scattering  has 
8-10 

been  included  in  more  fundamental  studies  of  the  reflection  of  surface 

waves  from  small  surface  impedance  discontinuities,  but  this  work  cannot 

readily  be  extended  to  the  treatment  of  the  large  number  of  discontinuities 

encountered  in  a  reflective  array  as  noted  in  Ref. 7  along  with  the  fact  that 

8-10 

certain  results  that  could  in  principle  be  obtained  from  that  work  could 

be  of  considerable  value  in  extending  the  treatment  presented  here  to  include 
scattering  loss. 

In  a  previous  paper  it  was  pointed  out**  that  surface  waves  encounter¬ 
ing  reflective  arrays  of  strips  are  not  straight-crested  but  are  variable- 
crested  on  account  of  the  finite  width  of  the  strips,  which  causes  transverse 
modes  to  propagate  in  the  array.  However,  all  of  the  aforementioned 


2. 


treatments'  are  for  straight-crested  surface  waves  only.  Recently,  some 
12-14 

analytical  work  has  been  done  on  transverse  inodes  in  acoustic  surface 

wave  reflecting  arrays,  all  of  which  uses  coupled  mode  scalar  wave  equations 
with  model  parameters  that  are  measured  and  never  related  to  the  fundamental 
material  constants. 

In  this  paper  the  system  of  approximate  surface  wave  equations  employed 

in  the  earlier  treatment7  of  the  reflection  of  straight-crested  surface  waves 

by  arrays  of  reflecting  strips  is  extended  to  the  case  of  variable-crested 

surface  waves.  A-s  in  the  st ra iqht -crested  case  those  equations  are  expressed 

in  terms  of  the  fundamental  material  constants  and  no  measurement  of  model 

parameters  is  required.  Although  the  basic  straight-crested  surface  wave 

7 

velocities  are  determined  as  in  the  previous  treatment  ,  in  the  present  case 
a  reduction  in  s t raight -crested  surface  wave  velocity  in  the  unplated  region 
due  to  the  adjacent  plated  regions,  which  is  essential  for  the  existence  of 
the  quided  transverse  modes,  is  determined  by  means  of  a  perturbation  pro¬ 
cedure.  At  the  same  time  an  increase  in  the  s t r a i gh t -cres t ed  surface  wave 
velocity  in  the  plated  reqion  due  to  the  adjacent  unplated  region  is  found. 
The  attendant  depth  dependence  for  each  reqion  is  employed  in  the  variational 
principle  as  in  the  earlier  treatment,  but  now  th'*  variable  cresting  rela¬ 
tion  for  an  isotropic  substrate'  ’ is  incorporated  in  the  description. 

This  isotropic  approx imat ion  for  th"  variable  cresting  is  employed  because 
variable-crested  surface  wave  solutions  of  the  three-dimensional  equations 
for  anisotropic  materials  have  not  been  determined.  This  approximation  is 
deemed  not  t>  have  an  appreciable  effect  on  a  calculation  primarily  because 
the  essential  anisotropy  is  still  retained  in  the  equations.  The  resulting 
equations  are  appli-'d  in  the  determination  of  both  the  transverse  modes  in 
each  region  and  the  transmission  line  representation  of  each  mode.  The 
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transverse  wave  numbers  in  a  given  mode  are  taken  to  be  the  same  in  the  plated 
and  unplated  regions  in  order  that  the  interior  edge  conditions  be  satisfied 
pointwise.  The  system  of  parallel  transmission  lines  is  applied  in  the 
analysis  of  the  reflection  of  variable-crested  surface  waves  by  uniformly 
spaced  arrays.  The  response  to  a  rectangular  input  of  a  particular  reflecting 
array  consisting  of  aluminum  reflecting  strips  on  ST-cut  quartz  is  calculated. 

The  calculations  clearly  reveal  the  existence  of  resonance  peaks  on  the  high 
frequency  side  of  the  fundamental  resonance,  as  observed  by  Staples  and 
Snrythe^7.  The  calculated  spacing  of  the  peaks  is  in  reasonably  good  agree¬ 
ment  with  the  measured  values.  We  believe  the  agreement  would  be  improved 
if  a  more  accurate  dispersion  curve  for  the  aluminum  film  on  the  quartz  sub¬ 
strate  were  employed  because  the  wavelengths  used  in  the  experiments  were  a 
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little  too  short  for  the  thin  film  approximation  ’  employed  in  the  calcu¬ 
lations.  In  addition,  for  a  given  reflection  coefficient  we  find  that  the 
number  of  reflecting  strips  for  the  fundamental  variable-crested  mode  is 
larger  than  we  found  earlier  in  the  st ra iqht-crested  case.  This  is  essenti¬ 
ally  a  result  of  the  newly  defined  velocities  in  each  region,  which  are 

required  for  the  energy  to  be  confined.  Furthermore,  on  account  of  certain 

19 

observations  recently  made  ,  we  show  that  although  the  amplitude  of  the 
fundamental  transverse  mode  has  an  inflection  point  at  the  edge  of  the  strip, 
the  power  has  an  inflection  point  well  inside  the  edge  of  the  strip. 

2 .  Straight-Crested  Surface  Waves 

Solutions  satisfying  the  differential  equations  and  boundary  conditions 
of  linear  piezoelectricity  for  straight-crested  acoustic  surface  waves  may  be 

i 


written  in  the  form 


4. 
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for  propagation  in  the  direction  x^  with  x.,  normal  to  the  surface.  For  a 

given  set  of  boundary  conditions  values  of  C*1"*,  A<m>.  A*m*  and  8  are  de- 

’  j  ’  4  m 

termined  numerically.  These  calculations  have  been  performed  for  thin  alumi- 
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num  films  on  ST-cut  quartz  ,  and  the  dispersion  curves  obtained  are  plotted 
in  Fig.l.  However,  the  resulting  phase  velocities  are  either  for  the  com¬ 
pletely  free  or  completely  plated  substrate,  and  in  the  case  of  the  reflecting 
array  the  substrate  is  only  partially  plated,  as  shown  in  Fig. 2.  Consequently, 
we  must  find  the  phase  velocities  in  the  unplated  regions  when  the  adjacent 
regions  are  plated  and  in  the  plated  regions  when  the  adjacent  regions  are 
unplated  in  order  to  obtain  the  approximate  surface  wave  equations  and  edge 
condit ions. 

When  the  platinq  is  nonconducting  the  mean  phase  velocity  over  a  wave¬ 
length  for  a  partially  plated  substrate  may  readily  be  determined  by  means 
of  a  perturbation  procedure.  We  determine  the  mean  velocity  only  at  resonance, 
i.e.,  when  the  half  wavelength  equals  the  periodicity,  because  the  result 

thus  found  will  hold  for  all  lonqer  wavelengths  and  the  nearby  shorter  ones 

20 

of  interest.  It  has  been  shown  that  the  reduction  in  mean  surface  wave 


velocity  AV*"  is  given  by 


AV™  -  H1/2V1r^  . 


where  is  the  free  unperturbed  surface  wave  velocity  and 


(2.2) 
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where  T.,^  is  given  in  Eq.  (4.1)  of  Ref.  20,  p*  ,  V  and  p*  are  the  mass  density 

.  1 
and  bame  constants  for  the  film  material  and  the  q.  are  the  normalized  me- 

j 

chanical  displacement  components  for  the  surface  wave  eigensolut ion  for  the 
free  substrate,  which  are  defined  by 


where 


91  "  U/Nl  ’ 


4  4  , (m) , (m)  (n)» . (n)* 

«?  -  ij .  y  i  - 

5  -1  n-1  If,  -  »;> 


and  denotes  complex  conjugate.  The  foregoing  equations  clearly  show  that 
the  reduction  in  mean  surface  wave  velocity  AV*”  is  directly  proportional  to  2 £, 
the  portion  of  the  surface  plated  in  a  wavelength.  As  shown  in  Ref. 20  if 
Eq.  (2 .2)  is  used  iteratively,  the  resulting  dispersion  for  the  fully  plated 
case  can  be  obtained  to  any  desired  accuracy.  Clearly,  the  same  is  true  for 
the  mean  velocity  in  the  partially  plated  case. 

When  the  plating  is  conductive  the  foreqoing  determination  of  the  mean 
velocity  does  not  hold  because  the  electrical  boundary  condition  in  the  plated 
and  unplated  regions  is  different  and  this  particular  difference  cannot  con¬ 
veniently  be  treated  by  means  of  a  perturbation  procedure  because  it  requires 

20 

a  perturbation  from  one  set  of  e iqencond l t ions  to  another  .  Under  these 
circumstances  the  boundary  conditions  in  the  plated  region  are 


T  *  -  5 
2j  'jb 


2h’u’  r/— 'i  u  ♦  ir  *  2h'c'ii,  , 

u'  X  *211’  /  a,ab  D.aa,  j  ’ 


g)  »  0  ,  at  x  -  0  , 


(2.6) 


6. 


where  5  .  is  the  Kronecker  delta  with  the  provision  that  b  cannot  take  the 


value  2  and 


T2j  "  C2jk/Uk,f  *  W,2  -  (2'7) 

while  the  boundary  conditions  in  the  unplated  region  are 

T2j  “  °-  D2"-£o^-  at  X2  '  °*  (2'8) 

where  €  is  the  permittivity  of  freo-space  and 

o 

Wk,j-4’,k'  (2-9) 

The  dispersion  curve  obtained  from  the  solution  satisfying  (2.6)  is  plotted 
as  the  curve  labeled  V  in  Fig.l,  while  from  the  solution  satisfying  (2.0)  we 

obtain  the  straiqht  line  labeled  V  in  Fio.l.  The  mean  phase  velocity2* 

o 

is  now  defined  so  that  the  time  of  travel  over  (/  *d)  is  equal  to  the  time 

of  travel  of  V  over  /  plus  V  over  d  and  we  write 

o  o 


£  d  ( £  ♦ d) 


(2.10) 


which  determines  V  when  the  other  quantities  are  known.  Clearly,  this 

definition  can  bo  used  even  when  the  plating  is  nonconduct l ve ,  and  consequently 

(2.10)  can  replace  (2.2).  It  is  easily  verified  that  the  two  definitions  are 

equivalent  when  V  and  V  differ  by  a  small  amount,  which  is  the  case  of  in- 
o  o 

terest  here.  For  £■  d,  V5"  is  plotted  in  Fiq.l. 
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From  the  mean  surface  wave  velocity  V  in  a  wavelength  ,  which  we  have 
determined,  we  must  obtain  the  surface  wave  velocities  V  and  V,  which  are  the 
phase  velocity  in  the  unplated  regions  when  the  adjacent  regions  are  plated 
and  the  phase  velocity  in  the  plated  reqion  when  the  adjacent  regions  are 
unplated,  respectively.  One  way  of  doing  this  is  to  equate  the  time  average 
over  a  cycle  of  the  kinetic  energy  of  the  solution  with  the  mean  velocity, 
which  has  been  determined,  with  the  time  average  over  a  cycle  of  the  sum  of 


7. 


the  kinetic  energies  in  the  unplated  and  plated  regions,  which  have  the  un- 


known 

phase 

velocities  V  and  V.  To 

this  end  we 

write 
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(2.  11) 

o  to 


where  g  ,  g  and  g  are  the  normalized  eigensolut tons  for  the  mean  velocity  vm 
in  a  wavelength,  the  velocity  V  in  the  plated  region  and  the  velocity  V  in  the 
unplated  region,  respectively.  The  eigensolut ions  g  ,  and  3^  are  normal¬ 
ized  in  such  a  way  that 


g .  (O)g^ (0)  «  g  ^  (0)q  .  (0)  «  g_.  (0)q.  (0)  . 


(2.12) 


For  the  same  propagation  wavenumber  ',  from  (2.11),  we  obtain 

a)  cr 
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Since  v  is  known,  a  corrected  q^  is  found  by  satisfying  the  differential 
equations  and  traction-free  boundary  conditions  with  the  known  v"  (the  electric 
boundary  condition  is  ignored),  after  which  the  left-hand  side  of  (2.13)  is 
known.  From  (2.13)  we  may  write  the  two  independent  recursive  equations 
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0  J  J 
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(2.15) 


where 


8. 


m  q  q  dx  £»  ■  1  q  q*  dx  Q  «  ^  q  q*  dx 

'  J  9j9j  2  ’  *n  J  9j9j  2  *  'n  J  9j9j  2  * 


(2.  16) 


in  which  q^  and  q^  are  the  normalized  e lgensolut ions  correspondinq  to  the  phase 

velocities  V  and  V  at  any  staqe  of  the  iteration.  Equations  (2.141  and  (2.15) 
n  n 

are  solved  by  successive  alternate  iteration.  In  this  process  one  starts  with 
the  free  surface  wave  solution  for  g^  and  the  fully  plated  surface  wave  solu¬ 
tion  for  3  and  the  known  respective  velocities  V  and  V  .  Then  Eq.  (2.14)  is 

j  o  o 

solved  for  V  using  V  for  V  after  which  V  is  obtained  from  (2.15)  using 
1  o  1- 1  1 

the  V  lust  determined.  Now  the  corrected  g  and  a  are  determined  from  the 

1  j  j 

differential  equations  in  the  manner  set  forth  above  using  the  present  iterated 
velocities  Vj  and  V^.  Ibis  process  is  continued  until  both  V  and  V  converge. 
Both  V  and  V  converge  to  better  than  10  digit  accuracy  in  about  15  iterations. 
For  the  case  l  ■  d,  the  corrected  phase  velocities  V  and  V  are  plotted  in  Fiq.3 
as  the  curves  labeled  1  and  2,  respectively. 


3.  Approximate  Surface  Wave  Equations 


In  this  section  we  derive  the  approximate  two-dimensional  surface  wave 
equations  and  edge  conditions  in  one  scalar  variable  from  the  variational 
principle  of  linear  pie.-oelectr  lcity.  It  has  been  shown^  that  the  varia¬ 
tional  principle  of  linear  piezoelectricity  for  a  partially  plated  substrate, 
shown  in  Fig. 4,  may  be  written  in  the  form 


(;u‘u+T  ,^u.  *T  ,‘u  .  ♦D  Sg  *D  Vj  )dAdx 
j  J  j  j  vi  £,  v  a/  /.a  v.v  a, a  v 

°  A  r  r  _  _  __  __  _ 

♦  (pu  Sir  ♦  T  .60.  ♦  T  . ‘•u  .  ♦  D  ♦  D  *C  )dAdx 

.«  jj  v  £  f ,  v  a£  £,  a  v  ,v  a  , a  v 

°  A 


♦  2h’(c,n,Su.*X*u  5u.  ♦  u  ’  (u  .  ♦  u.  )  50.  )  i 

j  j  o  a. a  b, b  a.b  b,a  b, a 


9. 


-  ,  e  o 


♦  r  t ,, 


£  y  dA  ♦  $  (t.  6u,  -  oftcp)  da  dx 

o  ,  v  j  „  k  X  \ 

A  o  C 


♦  <£  (t^Su^  -  a6<p)dBdx,  ♦  2h'  <£  t^iu^ds, 


<3. 1) 


C 

x  -0 
v 


where  we  have  vntroduced  the  convention  that  a  bar  over  a  quantity  indicates 
that  the  quantity  is  associated  with  the  plated  region,  the  primes  refer  to 
the  plating  material,  the  prescribed  quantities  in  Eg. (3.1)  are  over  the  por¬ 
tions  of  the  cylindrical  boundary  associated  with  the  plated  and  unplated 
reqions,  respectively,  and 

(3.2) 


V  -  2g’  WO.’  ♦  2p '  ) 
o 


is  the  plate  Lame  constant.  In  Eq.  (3.1)  we  have  employed  Cartesian  tensor 
notation,  the  summation  convention  for  repeated  tensor  indices,  the  dot  nota¬ 
tion  for  differentiation  with  respect  to  time,  and  the  convention  that  a  comma 
followed  by  an  index,  soy  j,  denotes  differentiation  with  respect  to  the  space 


coordinate  x ^ .  In  addition,  we  have  introduced  the  further  conventions,  em¬ 


ployed  in  Ref. 16,  that  repeated  GreeV  indices  are  not  to  be  summed  and  a  and  b 
can  equal  t  and  a  but  sVip  v,  which  refers  to  the  direction  normal  to  the 


surface.  The  quantities  T  ^ ,  u^,  ,  and  t^  are  the  components  of  stress. 


mechanical  displacement,  electric  displacement  and  surface  traction,  respect¬ 


ively;  c,  cp,  3,  and  g  are  the  mass  density,  electric  potential,  surface 


charge  density,  and  free-space  electric  potential,  respectively ;  and  e  is 

o 


the  dielectric  constant  In  the  space  outside  the  substrate.  In  addition  to 
Rq.  (3.1)  we  have  the  linear  piezoelectric  constitutive  equations,  which  can 


be  written  in  the  form 


10. 


Txj  “  Ci)V/\,/  *  ekijQP,k  » 

D1  "  eikA,£  *  *!k*k  »  (3-3) 

E  S 

where  c  .....  e,  ,  and  c,,  are  the  elastic,  piezoelectric,  and  dielectric 
l jkl  k  l  j  ik  ’  r  • 

constants,  respectively. 

As  in  Ref. 16 , the  basic  assumption  employed  in  obtaining  the  approximate 
two-dimensional  surface-wave  equations  in  one  scalar  variable  from  (3.1)  is 

that  the  x  -depend  ,ce  of  the  variables  is  to  be  obtained  from  the  three- 

v 

dimensional  surface-wave  solution  functions  in  Eq.  (2.21)  of  Ref. 16.  In  addi¬ 
tion,  certain  shaping  modifications  are  introduced,  which  are  obtained  from 
the  var i ab le-c rest ed  surface-wave  solutions  for  isotropic  substrates  determined 
previously  from  the  three-dimensional  elasticity  equations.  Accordingly, 
we  write 

u  -i  x)f(x.x.t),  s-3.  (x)t(x.x  t),  (3.4) 

)  }  v  t  a  4  v  t’  o' 

where  t  is  the  scalar  surface  wave  variable,  and 


V  ,(H).(n)  .  _  , 

®J  ’  l  C  A)  °Xp(lg(n)'Xv)  * 

n«l 

4 

Z_  (n)  .  (n)  r 

C  \  '’XP(ie,n)'Xv)  * 


for  straight-crested  surface  waves.  As  in  Ref. 16, for  variable-crested  surface 
waves  the  ^  and  3,  are  changed  in  accordance  with  the  variable-crested  solu¬ 
tion  for  the  isotropic  substrate,  and  in  those  portions  of  the  straight-crested 
solution  that  are  employed  in  the  approximate  (or  exact)  variable-crested 
solution,  r  in  the  straight-crested  solution  is  to  be  replaced  by  Q,  where 

C  2  -  '2  ♦  h2  ,  (3.6) 


11. 


and  h  is  the  purely  real  part  of  the  shaping  wave  number  for  trigonometric 
cresting  or  the  purely  imaginary  part  of  the  decay  factor  for  exponential 
cresting.  It  has  been  shown*  that  this  procedure  converts  the  straight- 
crested  surface-wave  solutions  to  the  variable-crested  surface-wave  solutions 
exactly  in  the  isotropic  case.  Since  variable-crested  surface-wave  solutions 
have  not  been  obtained  for  anisotropic  substrates,  this  result  for  the  iso¬ 
tropic  case  is  employed  in  the  anisotropic  case  as  an  approximation.  Essenti¬ 
ally,  this  approx imat ion  assumes  that,  even  in  the  anisotropic  case,  variable 
cresting  is  in  accordance  with  known  results  for  the  isotropic  case.  More¬ 
over,  since  in  the  anisotropic  case  at  hand  the  (or  Love  type)  displacement 
component  exists  in  the  x_  propagating  s t ra ight -crest ed  surface  wave  in  addi¬ 
tion  to  the  u  and  u  (or  Rayleigh  type)  displacement  components,  we  must 

V 

account  for  the  variable  cresting  due  to  the  Love  tyj>e  displacement  in  the 
straight-crested  solution  as  well  as  the  above-mentioned  variable  cresting 
resulting  from  the  Rayleigh  type  displacements  in  the  straight-crested  solu¬ 
tion.  We  naturally  assume  that  the  variable  cresting  resulting  from  the 
straight-crested  Love  type  displacement  component  is  in  accordance  with  the 

known  result  for  the  isotropic  case,  as  we  already  have  for  the  Rayleigh 

16 

type  d i spl acement  components.  It  has  been  shown  that  in  this  case  to  a 
good  approximation  the  variable-crested  solution  can  be  written  in  the  form 

r  i  xx  i r  (x  -Vt ) 

U  ■  P1  or  (x  )  -  or  (x  )  1  e  e  , 

t  r  v  f  o  v  J 


u  -  P  a 

a  o'  v 


or  (x  )  -  —  a  (x  )~^ 


T  V 


1KX  i*(x  -Vt) 
O  T 

e  e 


u  -  P  -  a  (x  ) 

v  t  v  v 


iK  ixx^  iP(x  -Vt) 

if  (x  -vt )  cp  -  pi  (x  )e  e 
e  e  r  4  v 


(3.7) 


13. 


Now,  subst ituting  from  Eqs. (3.9)-  (3.11)  into  Eq.  (3.1),  performing  the 
integrations  with  respect  to  depth,  and  employing  the  planar  divergence 
theorem,  we  obtain 


^  [pH  %  ♦  TS  ♦  DS  -  TS  -  DS  ♦  »*(0)D  (0)1  6**  dA 
«  jj  v  v  a, a  a, a  4  v 

♦  r  {  C^H  ,  .  ♦  2h'  p'o  (0 ) or*  (0) )  ♦  ♦  T6  ♦  D®  -  T*5  -  DS 


v  v  a, a  a, a 


-  2h*  | A* 5  <0)5*  (0)*  t/ta  (0)*  w  ♦  i(0)*  )5*(0)1 

oa  b  ,ab  a  ,ba  b  ,aab 

♦  5*(0)D  (0)]6f  dA  ♦  <*  (n  (TS  ♦  DS)  -  FS  t-ZS]  6**  da 

4  V  „  a  a  a 


*  '.n  (T"  ♦  r>  ♦  2h’  ( X '  5.  (0)5*  (0) «  w  tu*  (5  (0)*  w 
♦  .  a  a  a  ob  a  ,  b  a  ,  b 


♦  a^(0)t  )a'(0)|)-FS*^l»?d!i-  fnd  (TS  ♦  DS  -  TS  -  5s 


b  ,  a  b 


ds-  f  n  (T  *D  -  T  -D 

J  a  a  a  a  a 

*d 


-  2h'  rx'a.  (0)5*  CO)  *  .  ♦  U*  (5  <0)f  ♦5v(0)t  )al(0)l) 

ob  a  ,b  a  ,bb  ,ab 


S  TJ$  —5  — « S  ■*  • 

-  r  ♦r  +  r  -r  1  »* 


(3.13) 


where  n  and  R  denote  the  components  of  the  outwardly  directed  unit  normals 
a  a 

to  the  curves  boundinq  the  plated  and  unpl a t ed  por t i ons  of  the  substrate, 
respectively,  denotes  the  line  separating  the  plated  from  the  unplated 

region,  n^  denotes  the  components  of  the  unit  normal  to  I  directed  from  the 

a  a 

plated  to  the  unplated  region.  It  has  been  assumed  that  t  ■  ♦  along  L.  and 

a 

r  s  P  • 

H .  ,%  -  erar.*dx  ,  T  •  T  dx  f 

ji  •  3  j  v  V  J  j,  V  vj  V 

o  o 

0»  0B 

DS  "  Or*  D  dx  ,  TS  -  ;  ar*T  dx  , 
v  J  4,  v  v  v*  a  J  )  a  j  v  ’ 

o  o 


DS  «  or*D  dx  ,  F?  -  1  o*t.dx 
a  -  4  a  v  ..  k  k  v 

o  o 


:s  -  1  oo'dx 

j  4  v 


(3.14) 
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for  the  unplated  region  and  equivalent  barred  expressions  exist  for  the  plated 
reqvon.  Substituting  from  Eqs. (3.3),  (3. 8)  and  (3. 9)  int o  Eqs .  ( 3. 14  )  and  integrat i ng 
with  respect  to  depth,  we  obtain 


S 

T  -  c 


■  c  ...  H.  ,•  ♦  c  .  H  •  ,  ♦  ♦  e  .H„  ,*  ♦  .  ♦  e  ,H.«  ,  4 

v  v3*tb  *;j  ,  v  ,b  v;kv  j  ,v;k,v  bv3  4jj  ,v  ,b  wj  j  ,vj4,v’ 
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S 

°v  ^vkb^St^  ,  V*,b  *  *  vkvf<4*  ,  vjk,  v*  Cvbf'4*  ;  4  ,  v*,  b  f  vv,!4*  ,  V;  4 ,  v*  ’ 

°a  *  akbH4*k*,b  *  '  akvH4*  »k,  v*  abH4*4*,b  €avH4*;4,v^  ,  (3.15) 


where 


r  p  . 
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*v  .  k  v  v  >  h  J  v  x  v 

o  o 

V  OD 

r  r  . 

H  •  -  !  a  a  dx  ,  H  .  -  a  a  dx  , 
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H.  -aa  dx  h  •  -  a  a  dx  , 
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(3.16) 


x,  Y  "  1, 2, 3, 4 


(3.17) 


Equations  (3.15),  with  Eqs.  (3. 16 '. are  the  surface  wave  constitutive  equations 
for  the  approximate  two-dimensional  surface  wave  equations  for  an  unplated 
region,  and  equivalent  barred  constitutive  equations  exist  for  a  plated  reqion. 
Since  $f*  and  are  arbitrary  in  the  interior  of  the  mplated  and  plated 

regions,  respectively,  we  have  the  approximate  one-dimensional  surface  wave 
differential  equations 


TS  tDS  -  T?  -  DS  -  a*  (0)D  (0) 

a, a  a, a  v  v  4  v 


(3.18) 


TS  -  T*  -  0s  ♦  2h’  (X’5  (0)5*  (0)*  .♦U,(q  (0)*.  -tff.(O)*  )ff*(0)] 

a,  a  a,  a  v  v  o  a  b  ,  ab  a  ,  ba  b  ,  aa  b 


toH^,  ♦  2h'  o,5j  (0)5^  (0)1  V 


(3. 19) 


in  the  respective  regions,  and  where  we  have  made  use  of  the  fact  that 


5^(0)  -  0.  Since  St*  and  6»*  are  arbitrary  on  the  cylindrical  edges  of  the 
unplated  and  plated  regions,  respectively,  we  have  the  edge  conditions 


S  S.  S  ■-£ 
n  (T  ♦  D  )  -  F  -JT 

a  a  a 


(3,20) 


,—s  .  -s 
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aaa  oba,b  a  b  c  ,a  b 


-F5-!!5. 


Since  5t*  is  arbitrary  along  L we  have  the  continuity  condition 

n  (TS  ♦  DS )  ■  n  (T6  ♦  D5  +  2h'  (X’a^fOJcr*  (0)7  w 
aa  a  a  a  a  ob  a  ,  b 

♦  u' (a  (0)7  >5*0)7  )a*  (0) ) )  , 

a  ,  b  b  ,  a  b 


(3.21) 


(3.22) 


at  an  edge  separating  a  plated  from  an  unplated  region. 


4 .  Transverse  Modes  in  Reflective  Arrays 

In  this  section  we  apply  the  approximate  two-dimensional  surface  wave 
equations  derived  in  Sec. 3  in  the  determination  of  the  transverse  modes 
propaqating  in  the  strips.  We  consider  surface  waves  propaqatinq  in  the 
digonal  (x^ ) -di rect i on  through  a  reflecting  array  on  ST-cut  quartz  as  shown 
in  Fig. 2  with  2w  the  width  of  each  strip.  A  cross-section  through  a  typical 
strip  of  the  array  is  shown  in  Fig. 5. 

The  differential  equations  are  (3.18)  for  the  unplated  reqion  with  the 

or,,  a r.  known  from  Sec.  2  for  the  free  surface  wave  velocity  V  (horizontal 

y  4  o 

line)  in  Fig. 3  and  (3.19)  for  the  plated  region  with  the  ,  a,  known  from 

3  4 

Sec. 2  for  the  velocity  V  labeled  2  in  Fig. 3,  and  with  V»2  in  both  regions. 
Since  we  are  considering  the  special  case  of  variable-crested  surface  waves 
propagating  in  the  digonal  direction  on  ST-cut  quartz,  a  number  of  material 
constants  in  the  surface  wave  constitutive  equations  in  (3.  IS)  vanish. 
Although  we  present  the  formal  solution  in  the  general  case,  the  H.... 
defined  in  (3.16)  simplify  somewhat  and  may  be  written  in  the  reduced  form 


16. 
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-here 
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For  the  determination  of  the  transverse  modes  propagating  in  the  strips,  the 
boundary  conditions  at  the  edge  of  the  strips  in  the  transverse  direction 
are  the  continuity  of  ♦,  i.e., 

*  -  7  ,  at  x3  -  i w  ,  (4.3) 

and  (3.22),  which  for  the  case  at  hand  may  be  written  in  the  form 


*  C44*B22"*,3  +  B3,2j2**^  * 'l4B42' *, 1  * C1 3B13' *. 1 

*  '23H2.2,3'**<:33B33'*,3*C34IH23<*,3*H3,2,3-,,*'31H43**,1 
*'35'H34-*.>*“l4-,,3l**36'Kl,2,4***H24-,,ll 

-  ‘23B4,2,4*4  ’  ‘33B44-*,3 
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-  C55  (H31** ,  i  +H11**,3)  *  CS6  (H1,2,1*’'  +H21*S,  l’  +e25H4,2,l** 

+  *35*41** 3  *  C14*12* *, 1  *  C24»2, 2 , 2* *  +  C34»32* ♦, 3 
+  C44  <»22*?,  3  *  *3. 2 , 2*  *  >  *  *14*42**,  1  *  C13*13**  ,  1  +  *23*2,2 , 3** 
♦  *33*33**.  3  +  C34  (*23**,  3  +  *3. 2 , 3**>  +  *31*43*' *  1  +  *35  (*34**,  1 


*  H14**,3)  +  *36  <H1 . 2 ; 4*  *  4H24**,l’  "  £23*4, 2 ; 4* *  '  £ 33*44**, 3 
>  2h'  t^3(5lT.l+®3?.3)  +  (Vl*l+2V3?,3 

+  VJ.S’V-O  atX3-*W* 


(4.4) 


The  surface  wave  solution  functions  may  be  written  in  the  form 

not  i(f*  -uit)  _  _  iKx  i(§x  -nit) 

*  -  P*  e  .  ♦  -  Pe  e  ,  (4.5) 

which  satisfy  (3.18)  and  (3.19),  respectively,  with  (3.15)  and  the  symnetry 

of  ST-quartr,  i.e.,  (4.1),  provided 


where 


.4  -3  .2 

A*  ♦  Pk  ♦  C K  ♦  D*  +  E  -  0  , 


-1-i  -C  3  — C2  „ 

A*  +  8*  *■  CH  ♦  Dx  ♦  E  -  0  , 


H  -  K/C  ,  K  -  K 


/(* 


(4.6) 

(4.7) 

(4.8) 
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where  the  h  ....  in  (4.9)  are  obtained  from  the  expressions  for  the  K.... 
in  (4.2)  by  omitting  the  quantities  outside  the  simulation  sign,  V  is  known 
as  a  function  of  £  from  the  curve  labeled  2  in  Fig. 3  and 

c2  -  !2  ,  V  -  27h-  .  (4.10) 

The  foregoing  quantities  in  (4.9)  and  (4.10)  are  for  the  quartic  for  x  in 
(4.7),  which  holds  for  the  plated  region.  The  expressions  for  A,  P,  C,  D 
and  E  in  the  quartic  for  x  in  (4.6),  which  holds  for  the  unplated  region, 
may  be  obtained  from  the  expressions  for  A,  P,  C,  D  and  E,  respectively, 
simply  by  setting  h'  ■  0,  removing  the  bars  in  all  remaining  terms,  adding 
the  term 


ic  a  a 

o  4  4 


x2-0 


(4.  11) 


to  the  expression  for  E  and,  of  course,  using  the  straight-crested  solution 
for  the  unplated  case  from  Sec. 2,  which  corresponds  to  given  by  the 
horizontal  line  in  Fig. 3. 

Equations  (4.6)  and  (4.7)  are  quasi-quartic  equations  in  x  and  x, 
respectively.  They  are  not  absolute  quartics  because  of  the  dependence  of 
the  coefficients  on  x  or  x.  However,  since  in  reflecting  arrays  the  width 
of  a  strip  is  much  larqer  than  a  propagat ion  wavelength  (or  the  spacing  of 
the  strips),  we  must  have 

:  x|  «  1  ,  x'  «  1  ,  (4. 12) 

even  for  a  relatively  high  order  transverse  mode.  Hence,  even  though  (4.6) 
and  (4.7)  are  actually  sixth-order  equations  in  the  problem,  n  account  of 
(4.12)  they  may  be  treated  as  quartics  here.  Accordingly,  for  a  given  ', 
the  complex  quartic  equation  in  (4.7)  yields  four  complex  roots  for  x,  two 
of  which  turn  out  to  have  a  real  part  in  the  range  of  interest  and  an 
imaginary  part  at  least  an  order  of  magnitude  smaller  than  the  real  part. 
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In  addition,  the  real  parts  are  almost  equal  and  opposite  in  sign.  The  other 
two  roots  have  both  real  and  imaginary  parts  outside  the  range  of  interest. 

We  naturally  ignore  the  latter  two  roots  completely  and  neglect  the  small 
imaginary  parts  of  each  of  the  former.  Similar  statements  hold  in  the  case 
of  Eg.  (4.6)  in  k,  with  the  difference  that  in  the  two  roots  of  interest  the 
real  parts  are  at  least  an  order  of  magnitude  smaller  than  the  imaginary 
parts,  which  are  almost  equal  and  opposite  in  sign.  In  this  case  we  neglect 
the  small  real  parts  of  the  roots  of  interest.  Moreover,  since  the  solution 
external  to  the  strip  must  decay  with  distance  from  the  edge,  only  the  one 
decaying  solution  in  each  external  region  is  employed.  Ko  deem  the  fore¬ 
going  approximations  to  have  essentially  no  influence  on  the  accuracy  of  a 
ca leu la t ion. 

Since  the  frequency  x  and  the  propagation  wavenumber  F  are  the  same  in 
the  plated  and  unplated  regions  for  any  one  transverse  mode,  from  the  assumed 
isotropic  variable-cresting  relations  (1.6)  and  (4.10),  wo  have 


V  C  "  ,  V  ~  -  fV  , 

o'  t  *  -  t  ’ 


(4.13) 


where  V(  is  the  phase  velocity  of  the  particular  transverse  mode  in  question 
and  and  V  are  found  as  functions  of  £  and  £  from  the  horizontal  line  and 
curve  labeled  2,  respectively,  in  Fig. 3.  Hie  associated  h  and  *  are  found 
from  the  isotropic  var iable-crest inq  relations  in  (3.6)  and  (4.10),  respect¬ 
ively.  for  a  given  ',  £  and  £. 


We  now  take  the  solution  of  the  boundary  value  problem  in  the  form 


i  Kj  ( x  j  ** )  i  ( F.x  j  -ict ) 

w 

IS  X  _  iR  X^  i  (F.X  -(lit) 
♦  -  (F^e  +?2e  )e 

it.  (x^-w)  i  (fxj-tut) 

w 


(4. 14) 


where  k.,,  and  are  the  significant  roots  of  (4.6)  and  (4.7)  in  accord 

ance  with  the  foregoing  discussion.  Substituting  from  (4. 14)  into  (4.3)  and 
(4.4),  we  obtain 


(4. 15) 


°J  . 


where 
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C  -  e  [ ( -  Bj  ) 


13  13 


-  iy(?i!n  ♦  *,i'n  )1 


(12)  “1VCX2  -(2)  (1) 
C  -  e  *  B1  ~  P1 


„(21) 

-  e 


-  n<2'))  . 

4  2  b 

1[(il'n  '  Pl<:>)  *  ^  ®2  1  '  "  **2?))  *  ^l^1’  •;2R32) 


-  i>  (?  b'1’  +  h  B*1’))  , 

*  4  15 

C(22)  -  eiVC"2(  (B(2)  -  B,2))  ♦  (Tb‘2)  -  ?BJ2,)*6,i,(2)  -  Hn‘2)) 

2  2  3  2  3 

-  iv(TBl2)  ♦  ii‘2))i  f 

4  2  b 


?-5/C,  ,-5/C,  G-w/2h*  , 


(4.16) 


P1  *  CS6  (hl 


(h  •  ♦  h  •  )  ♦  (h  -  ♦  -r-  h  -  -•  )  ♦  *^r  ) 

)  1  f  2 ;  1  p2  3, 2;  3  25  4,2;  1  £  4f2;3  2 

(  \V7.  —  Z  —  \  in'  —  — 

A"  T36  h1.2;2’  *  7  h3,  2,2*/  *  C23(h2,2,l*  +h2,2,3‘) 


2  h2. 2* 


*  72  C34(hl,2,l*  *h3.2,3‘)  *<?36hl,2:4*‘<23h4.2;4*-e36  T\a,4* 
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P,  -  —  (‘  ’-►»’)  (a  3*  -3.5,) 

4  r  o  11  33x,*0 


*5  *  ^'Vl  4  ~~2  ((X;*a*,,515l^’53S3)j 


,  (4.17) 


for  tho  platen)  toqion,  and  the  corrr-*ipondin<7  quantities  P^  .  P.,  and  P^  for  the 
unplated  rcqion  are  obtained  f ron  p^  ,  p,  arid  P^  in  (4.17)  simply  by  replacing 
the  barred  by  unbarred  plant  it  ros  and,  accordinqly,  usinq  the  appropriate 
quantities  for  the  unplated  region. 

A  calculation  for  the  transverse  modes  propagat inq  through  the  strips 
can  now  be  performed  by  trial  and  error  yielding  «V  (^)  and  satisfyinq 
(4.6),  (4.7)  and  (4.1M  alonq  with  (3.6)  and  (4.10)^.  Such  calculations  have 

been  performed  for  b.  rted  aluminum  strips  on  ST-cut  tpiartz,  and  the  dis¬ 
persion  curves  for  the  first  nine  symmetric  mtides  are  plotted  in  Fiq.6  for 
G  -  2100. 

The  boundary  conditions  at  the  edqe  of  a  strip  in  the  propagation 
direction  are  the  continuity  of  ♦,  i.e., 

♦  *  ?  ,  at  Xj  -  i  , 


(4. 18) 
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and  (3.22),  which  for  propagation  in  the  x, -direction  may  be  written  in  the 
form 


11H11*V  1  +  C12H2,2jl#^+C13H31**,3  +  C14  lH21**,3  4-H3>2j1**)  +  ellH41**,  1 
4  C56<H32#*,1  *H12**,3)  *  C66  <H1 , 2  j  2* *  +  H22#*f  1*  *  e26H4 , 2  ;  2*  * 

^36H42-*.3^C5S(H33-*,1+H13**.3)  +  CS6  (”l . 2 ; 3* *  + H23* *, 1 ’ 

*  e25H4,2,3*^*35H43**t3+eilH14-*.l+ei2H2,2;4**>ei3H34**,3 

*  *“l4  <H24**,  3  >H3,2;4*,)  “  *11*44**, 1 

ll”ll**.  1  -12»2,2,l-*-13»31-*,3  *  °14  (*21#*,3  *”3,2jl**'  *  <‘ll*4l#*,l 

*  C«*("32’*,l+"l2**.3)  +C6fe  ("l . 2 , 2* *  * *2  2* * . 1 5  * e26*4 . 2 , 2* * 

*  *36*42**, 3  +  C55(*3  3*  V  1  +’il3*,,3>  *  °56  (”l ,  2  ;  3*  *  M12  3**,  l' 

*  e25S4.2;3*T  +  e35”43*7,3>en”l4-T.l"ei2R2,2,4*^ei3"34**,3 

*  C14,n24-T.3+»3.2;4*?'-€ll"44-*.l+2h'(i;S'l,V.l+ V.3’ 


♦“,(2®lV,l  ‘  V?,3  *  °3°3*.l,1x?.0  •  at  xi  ■  1 


(4.19) 


In  order  that  the  edqe  conditions  (4.18)  and  (4.19)  between  a  plated 
and  unplated  region  of  the  array  be  satisfied  pointwise,  we  take  the  trans¬ 
verse  wavenumber  in  the  interior  of  an  unplated  region  to  be  the  same  as  the 
transverse  wavenumber  k  of  that  mode  in  the  adjacent  plated  regions,  where  in 
accordance  with  the  earlier  discussion  of  the  roots  of  (4.7),  we  have  taken 

*  -  \  '’hj  ♦l^l]  •  (4.20) 

Then  since  the  usual  isotropic  var lable-crestinq  relations  (3.6)  are  taken  to 
hold  in  the  interior  of  an  unplated  region  and  the  frequency  is  preserved,  the 
resultant  wavenumber  J1'  of  the  transverse  mode  in  the  interior  of  an  unplated 


region  is  given  by 


r 
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-  c  v/v . 


(4.21) 


where  V  and  V  are  the  straight -crested  surface  wave  phase  velocities  at  the 


,U 


respective  resultant  wavenumbers  £  and  £  in  the  plated  and  unplated  interior 


regions  of  the  ai ray  and,  as  noted  earlier,  are  plotted  as  the  curves  labeled 


2  and  1,  respectively,  in  Fig. 3.  The  propagation  wavenumber  f  of  the  nth 

n 


transverse  mode  in  the  unplated  region  of  the  array  is  given  by 

u  /  „U  2  17 

'  -  „/<C  )  -  X  , 


h 


(4.22) 


which  enables  the  phase  velocity  V  of  the  nth  transverse  mode  in  the  unplated 

n 


region  to  be  obtained  frc*n 


U  ,V  ,V 
V  -  £  V/f  . 


(4.23) 


The  transverse  decay  number  in  the  exterior  of  an  unplated  region  of  the  array 
is  taken  to  bo  the  same  as  the  decay  number  h  of  that  mode  in  the  exterior  of 
the  adjacent  plated  regions  where  in  accordance  with  the  earlier  discussion 
of  the  roots  of  (4.6),  we  have  taken 


iD-ii  *si]- 


(4.24) 


This  approximation,  which  results  in  any  one  transverse  mode  propagating 
through  the  reflecting  array  independent  of  all  the  other  transverse  modes, 
certainly  has  no  real  influence  on  the  accuracy  of  a  calculation  within  the 
framework  of  the  procedure  employed. 

A  plot  of  the  fundamental  transverse  mode  is  shown  as  the  dotted  curve 
in  Fig. 7,  which  shows  that  the  inflection  points  are  at  the  edges  of  the  strips. 
Since  the  transmitted  power  distribution  depends  on  the  square  of  the  wave 
function  ♦(♦),  the  transmitted  power  distribution  of  the  fundamental  transverse 


1 
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node  takes  the  fonr.  shown  as  the  solid  curve  in  Fig.  7,  which  indicates  that 
the  inflection  points  of  the  transverse  power  distribution  are  well  inside 
the  edges  of  the  strips. 


5 .  Reflection  of  a  Rectangular  Input 

Since  the  width  of  the  strips  is  very  large  compared  to  a  wavelength  or 
the  spacing  of  the  strips,  the  amplitude  of  each  transverse  nvxle  very  nearly 
vanishes  at  the  edges  of  the  strips.  This  fact  is  exhibited  very  clearly 
for  the  fundamental  symmetric  mode  by  the  dotted  curve  in  Fig. 7.  As  a  conse¬ 
quence  of  this,  for  simplicity,  in  the  forced  amplitude  part  of  the  analysis 
we  take  the  transverse  ru'des  to  have  nodes  at  the  edges  of  the  strips.  "This 
apprex imat li'n,  which  undoubtedly  has  a  negligible  influence  on  the  accuracy 
of  a  calculation,  enables  the  ordinary  or t hogona 1 i ty  relations  for  trigono¬ 
metric  functions  t  be  used  in  the  determination  of  the  forcing  amplitude  of 
each  transverse  mode  for  an  input  of  arbitrary  shape  in  the  transverse  di¬ 
rection.  Accordingly,  when  a  symmetric  input  wave  with  an  x  -dependence  of 
the  form  ffx^'  is  intri-duced,  the  amplitude  of  the  x ^ -dependence  of  the 
nth  symmetric  mode  nay  be  written  in  the  form 

w 

i  r 

a  *»  —  f  (x.  Icon  rxdx  n-1,3,5 .  (5.1) 

n  w  .  3  n  3  3  . 


and  if 


f (a ^ )  ■  1  ,  $  w  ,  f (x j )  •  0  ,  x  ^  >w,  (5.2) 

a  «»  4 /nr  .  (5.3) 

n 


Thus,  for  a  rectangular  inpvit  the  weighting  of  each  propagating  essentially 
orthogonal  symmetric  transverse  mode  is  given  by  (5.3),  and  the  transmission 
and  reflection  of  each  separate  transverse  mode  may  be  treated  exactly  as 
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in  Ref. 7.  As  in  Ref. 7  and  for  the  same  reasons,  we  must  normalize  (here) 
each  of  the  transverse  modes  in  the  same  way  in  the  plated  and  unplated  regions. 
Accordingly,  we  introduce  the  normalization  conditions,  which  are  equivalent 
to  Eqs.  (3.9)  and  (3.10)  of  Ref. 7  and  take  the  form 

3,  (0)3,  (0)  +3  (0)3  (0)  tO-fO^IO)  ♦  3  (0)o  (0)  -  1  ,  (5.4) 

Li  l  l  44 

in  the  unplated  sections  of  the  array  and 

% 

3,  (0)3,  (0)  ♦  3,  (0)3,  (0)  *3,  (0)5,  (0)  ti  (0)5  (0)  -  1  ,  (5.5) 
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in  the  strips,  where 

9,(0)  -  (c,,/c^)V(0)  ,  5  (0)  -  (e,,/c,,  )**3  (0)  .  (5.6) 

4  22  bo  4  4  22  66  4 

Equations  (5.4)  and  (5.5)  are  understood  to  represent  n  distinct  normal ization 
conditions,  respectively,  one  for  each  of  the  n  transverse  modes.  As  in  Ref. 7, 
we  now  introduce  the  numbonnq  system  shown  in  Fig. 8.  Since  there  are  n-strips, 
there  are  2q  ♦  1  distinct  regions,  the  first  of  which  is  denoted  o  and  the  last 
of  which,  2q.  Note  that  the  odd  numbered  regions  are  plated  and  the  even, 
unplated.  In  order  to  obtain  the  transmission  matrix  for  each  transverse  mode 
we  consider  the  transmission  and  reflection  across  one  typical  strip  denoted  m 
with  adjacent  unplated  regions  (m  -  1)  and  (rat  1).  The  surface  wave  solution 
functions  of  the  approximate  equations  for  the  nth  transverse  mode  for  the 
three  consecutive  sections  of  the  reflector  may  be  written  in  the  form 


i'  (x  -t  *d) 


i'  (x  ,-z  +d). 
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z  -  (m-  1)  U  +  d)/2  ,  (5.8) 

m  ’ 

and  C^1  and  ^ '  are  the  amplitudes  of  the  positive  and  negative  traveling 
nth  transverse  mode  in  the  rth  section.  In  accordance  with  Sec. 4  each  of  the 

solution  functions  in  (5.7)  satisfies  the  appropriate  equations  in  Sec. 4  for  the 

strips  and  the  regions  between  the  strips  in  the  respective  sections  of  the 

array  provided  the  surface  wave  phase  velocity  dispersion  curves  V  «V(F  ) 

n  ~n 

and  Vl»VU(F  )  are  given  by  the  appropriate  curve  in  Fig. 6  and  Eqs.  (4.21)-  (4.23), 
n  n  n 

respectively.  The  conditions  to  be  satisfied  at  the  junctions  between  the 

plated  and  unplated  regions,  i.e. ,  at  x.  •  z  and  x,  =  z  •*•  /,  are  (4. 18)  and 

l  m  1  in 

(4.19),  which  yield  the  four  equations  that  enable  us  to  express  cn ^ 2  in  terms 

in  +  1 

of  Cni;’  while  eliminating  the  where  r,  s,  t-  l,  2,  and  thus  obtain  the 

m—  1  m 

transmission  matrix.  Accordingly,  substituting  from  (5.7)  into  (4.18)  and 


(4. 19) 


.  respectively,  at  x  =  z  and  x  •  r  ♦  l,  we  obtain 
r  1  1  m  1  m 

n(l)  lCnd  n (2 )  "l-nd  -n(l)  -n<2) 

C  e  ♦ C  ,  e  -C  ♦  C  , 

m-1  m- 1  m  m 

M  cn(;)e1‘nda.M*Cn(J)e’l'nd  -  M  Cn(1)  +  M*?"(2)  . 
nm-1  nm-1  n  m  n  m 

— n(l)  '  n  ^  — n(2)  n^  n  ( 1 )  n(2) 

Cm  e  *  Cm  e  "Cm.l  +  Sn+2  - 

i?n(1,f1,’’'t?cT’(2,e’1'nl  -  Mcn(;)>M*cn(J)  , 

n  m  n  in  n  m+1  n  m  +  1  ? 


where* 


(C12  •  1^2, 2 >1*  *  ~  *2. 2)3*^  +  C14  T  (*3 , 2  j  3*  ”  *1 , 2  ;  1*  5 
r66  \  (N,2j2*  ‘  “  ^*3 , 2  ;  2*  ^  *  *26  f  *4,2,2* 

♦  c%  —  •^3>2,3*)  4e25(\.2,3*  +  ~  *4.2,1*) 


29. 
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h 

*  ♦ 

-  i*  c 

e  (  n  m.  -  —  h 

12  I 

2,  2 ;  4 

14  \  3,2;4*  f 

in 

(h  .  -  h  . 

)>ai4f  (K21-  +  ^ 

f 

33 

11' 

+  c 


56  f  (h12*  *  l  h32*)+'e26  *  h42* 


+  C55  f  aill*'^33*)  *  °3s(h43*  ~  -  h41*) 


13(^34*  "  »  h14*^  +  °14  £  ''24*  ) 


-  ;(SlAKll*  *  V‘33*)  *  e66  flh22- 


+  c  !  h 


-2 


55^33*  *  7  hll*N_  "llh44* 


*  *l/V  *  5  h43*  +  h14*  "  5  h34* 

+  SS6  r'K23*  +^*21*  ^32*  ’  f  **12^) 

i2h‘  5l’(  (l  ♦  I  (0)^  (0)+  3*  (O)o^  (01) 

_  0 

A 


*  o;  (0)0’1  (0)  ♦  -j  3~  (0)Oj  (0) 


1  K 


♦  i2h’5?(V  -  u’  )  (or!  (0)3,  (0)  -  3,  (0)3,  (0))  ^ 
O  3  3  11  r 


(5. 10) 


where  all  the  appropriate  quantities  on  the  right-hand  side  are  understood 

to  be  for  the  nth  transverse  mode  and  for  convenience  we  have  suppressed  the 

n  and  M  reduces  to  M  when  h'  ■  0  and  the  dimensionless  material  constants 
n  n 


'  pq  Cpq  C66  ’  ^ip  "  rip/'^66*22  '  €  i  j  ”  ei  }/c22  ’  ^'"U'/C66’  (5,11) 

have  been  introduced.  Solvinq  the  four  linear  algebraic  equations  in  (5.9) 

for  c"^  in  terms  of  cnff\  we  obtain 
m+l  m-1 


V  T(rs)cn(s) 


„n  (r) 

m+1  /  "n  'm-1  ’ 

s»l 


(5. 12) 


30. 


where 


.(11) 


i  (l  L+*_  d) 

-  (M*  -  M  )  (f?  -  M  )e  n  n 

l  n  n  n  n  — 

i  H  d-£  l)1 

♦  (M*  -  M*  )  (M  -  M  )e  n  °  •  /  (M*  -  M  )  (if  -  M  )  , 

nnnn  _i  n  n  n  n  ’ 


.(12) 


i(?  £-f  d. 


.  (M*  -  M  )  (M*  -  M*  )e  ”1'  "n  ] 


nnnn 


-i  (F  l+f  d)-, 

♦  (M*  -  M*  )  (M*  -  M  )e 
nnnn 


/  (M  -  M  )  (M  -  M  )  . 
j  nnnn 


.(21) 


r  _  i  IZ  d) 

-  ( H  -  M  )  ( M  -  f?  )  e  n  n 
nnnn 


i  (?  d-r  /) 

♦  (M  -  M*  )  (M  -  M  )e  n  "  /  ( M*  -  M  )  (M*  -  M  )  , 

nnnn  Jnnnn 


•  (22)  .  (M  -M  )(]?  -  H 


1  (F  £-F  d) 


nnnn 


)e 


n  n 


♦  (M  -  M  ) (M  -  M  )e 

nnnn 


-l  t+F  d)- 

I  /  (M*  -  M  )  (M*  -  M  )  ,  (5.  13) 

nnnn 


( r  s ) 

which  shf^s  that  T  is  hermit lan.  At  this  point  it  is  both  conventional 

n 


( rs ) 

and  convenient  to  suppress  the  indices  on  the  >  2  matrix  T  and  1  v  2 

n 


,  _  _I» (r )  n (s) 

colianr.  vectors  C  ,  and  0  ,  and  write 

m+l  m-1 


cn  -  t  rn 
m-tl  n  m-1 


<5. 14) 


Since  this  analysis  holds  for  each  strip,  application  of  (5.14)  successively 
across  all  the  strips  in  the  array  from  the  first  to  the  last  yields 


q  t imes 


C,  -TTTT....TC. 
2q  nnnn  no 


(5. 15) 


Since  '  vanishes  and  C*1  ^  •  C°a  is  Known,  where  C°  is  the  amplitude 

2q  on’ 


of  the  rectanqular  input,  (5.15)  constitutes  two  linear  inhomogeneous  alge¬ 


braic  equations  in  1 '  and  which  may  readily  be  solved.  More 

2q  o  * 


specifically,  if  we  define  S^T  by 


c(rs)  ,-cl,rB 

Sn  "  tT  J 
n  n 


(5.  16) 


j 


31. 


the  matrix  equation  (5.15)  yields 

cn(2).-(S(21,/S(22,,cna),c"(1,-|S(11,-S(12,S(21,/S(22)]C°a  ,  (5.17, 

o  nno’2q  n  nnn  n  ’ 

which  gives  the  amplitudes  cn *  and  C\  ^ '  of  the  nth  transverse  mode  reflected 

o  2q 

and  transmitted,  respectively,  in  terms  of  the  amplitude  of  the  incident  trans¬ 
versely  uniform  surface  wave.  Calculations  may  now  readily  be  performed. 

When  a  calculation  has  been  performed  the  power  reflection  coefficient  R 

P 

for  the  nth  transverse  mode  defined  by 

»"-10  1™  .  (5.  18) 

p  10  o  o  o  o 

and  the  power  transmission  coe f f : c l ent  T  for  the  nth  transverse-  mode 

P 

t"-io  .  (5.i9i 

p  li1  2q  2q  O  o 

both  in  dp.  nay  readily  be  evaluated.  learly,  the  calculated  response  is 
the  simple  sum  f  all  the  reflection  amplitudes  resulting  from  the  rectangular 
input  which  is  essentially  what  is  measured  in  a  typical  surface  wave  reson¬ 
ator  experiment.  The  first  nine  symmetric  modes  have  been  included  in  all 
calculations  performed  here.  i  a  leu  1  at  ion.'-  have  been  performed  for  a  surface 
wave  reflect  t  nststinq  of  20C  aluminum  strips,  10,000  A  thick  deposited  on 
ST-cut  -fuartr  subject  to  a  rectangular  input.  The  center  f roquency  of  the 
fundamental  mode  is  74.7  **(?.  The  resultino  power  reflection  coefficient  is 
plotted  in  Fig.).  The  curve  clearly  reveals  the  existence  of  small  resonance 
peaks  (or  spurs)  on  the  high  fre<;uenoy  side  of  the  fundamental  resonance  which 
were  observed  by  Staples  and  Snrythe1  .  The  calculated  resonances  normalized 

with  respect  to  the  fundamental  resonance  are  compared  with  the  measured 

17 

results  of  Staples  and  fimythe  in  Table  1.  The  calculated  values  are  some¬ 
what  below  the  measured  values.  We  believe  the  agreement  would  be  improved 
conaiderably  if  a  more  accurate  dispersion  curve  for  the  aluminum  film  on  the 


32. 


quart:*  substrate  were  employed  because  the  film  thickness-to-wavelength  ratios 
used  in  the  «-x[>er merits  were  a  little  too  large  at  the  resonances  for  the  thin 
film  approximation  employed  in  the  calculations.  In  Fig. 10  we  have  plotted 
the  amplitude  and  power  tef lection  coefficients  for  the  fundamental  mode  as 
a  function  of  the  number  of  strips  along  with  the  same  quantities  obtained 
from  our  earlier  straight-crested  analysis.  It  is  clear  from  the  figure  that 
the  earlier  treatment  overestimated  the  results.  Tti  i  s  is  a  result  of  the  newly 
defined  stra liht-crested  phase  velocities  in  fh<  plated  and  unplated  regions 
of  th<  array.  Figures  11-13,  respectively,  contain  power  transmission,  power 
refl-ct:  n  coefficients  and  the  phase  .  f  the  t  «•  flee ted  wave,  all  for  the 
fundamental  transverse  mode. 
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Fiqure  2  Schematic  Diagram  of  a  Sut  face- Wave  Reflector 

Figure  3  Straight- .'rested  Phase  Veloc  ity  Dispersion  Curves  in  Both 

the  Plate  1  w  i  th  W  m  ■•■nt  tinplated  and  Unplated  with  Adjacent 
Plated  Regions  for  the  a  ..  d-  t.  Tlie  dispersion  curve 
from  Fiq.  1  if.  plotted  in  this  figure. 

Figure  4  Diagram  Shewing  *  Partially  rlated  and  Partially  Unplated 

Substrate  Bounded  by  a  'ylindrical  Surface 

Figure  S  ross-Sect i  n  through  a  Tyiui #1  Strij  in  the  Array 

Fiqure  6  Phase  Velocity  :  is;ersi<  \  lirvta,  for  C«i'10(  for  the  First 

Nine  Sytimetru  Modes 

Fiqure  7  Transverse  Distribution  >  f  th>-  Surface  Wave  Function  and  the 

Power  Flux  for  the  Fundamental  Mode 

Fiqure  H  :  iagram  Shovinq  the  Numbeiinq  S< h'tne  for  the  Transmission 
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Figure  1  Power  Reflection  "oefficient  f  a  Surface-Wave  Reflector 

with  2 00  Aluminum  Strip'.  1  .  '00  '  Thick  on  ST-Cut  ykiartz 
at  a  Fundamental  Fre  juency  of  '•J."  Mis  for  a  Rectanqular 
Input.  Results  are  for  d-  l  and  .'v  »  100  '•  ^ . 

Fiqure  10  Amplitude  (A  and  Power  pp  Ref  le.  t  ion  '■  •efficients  of  the 
Fundamental  M>de  f  the  Surfa. -e-Wave  Reflect'!  with  10,000  A 
Thick  Aluminum  Str  i;  s  at  a  enter  Frequency  f  74.7  tftz,  as 
a  Functun  •  f  the  Number  f  Strips.  The  curves  A  and  P  are 
btained  using  the  st r a lqht-cre r.ted  procedure  presented  in 
Ref . 7. 

Figure  11  Power  Transit]  ;r. ion  Coefficient  of  the  Fundamental  Mode  of 
the  Surface-Wave  Reflector 

Figure  i;  power  Reflection  Coefficient  of  the  Fundamental  Mode  of  the 
Surface-Wave  Reflector 

Fiqure  13  Phase  of  the  Fundamental  Reflected  Wave 
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